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ON THE PARAMETER SELECTION PROBLEM IN THE NEWT ON-ADI
ITERATION FOR LARGE-SCALE RICCATI EQUATIONS

PETERBENNER , HERMANN MENA , AND JENSSAAK

Abstract. The numericaltreatmentof linearquadraticregulator (LQR) problemsfor parabolicpartial differ-
ential equationg(PDESs)on in nite-time horizonsrequiresthe solution of large-scalealgebraicRiccati equations
(ARESs). The Newton-ADI iterationis anefcient numericalmethodfor this task.It includesthe solutionof a Lya-
punos equationby the alternatingdirectionimplicit (ADI) algorithm at eachiteration step. Here, we study the
selectionof shift parametergor the ADI method.This leadsto a rational min-maxproblemwhich hasbeencon-
sideredby mary authors.Sinceknowledgeaboutthe exactshapeof the complex spectrunis crucialfor computing
the optimal solution, this is ofteninfeasiblefor the large-scalesystemsarisingfrom nite elementdiscretizationof
PDEs.Therefore several methodsfor computingsuboptimalparameterarediscussedndcomparecn numerical
examples.

Key words. algebraicRiccati equation,Newton-ADI, shift parametersl,.yapune equation rational min-max
problem,Zolotarer problem
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1. Intr oduction. Optimal control problemsgovernedby partial differential equations
areatopicof currentresearchMany control,stabilizationandparameterdenti cation prob-
lemscanbe reducedto the linearquadraticregulator (LQR) problem,see[10, 13, 21, 22].
Particularly, LQR problemsfor parabolicsystemshave beenstudiedin detailin the past30
years,andseveral resultsconcerningexistencetheory and numericalapproximationcanbe
found,e.qg.,in [21, 22, 24] andthereferencesherein.Gibson[16] andBanksandKunisch[ 3]
presentapproximationtechniquego reducethe inherentlyin nite-dimensional problemof
thedistributedregulatorproblemfor parabolicPDEsto (large) nite-dimensionalanalogues.

Thesolutionof these nite-dimensionalproblemscanbereducedo the solutionof ama-
trix RiccatiequationlIn the nite-time horizoncasethisis a rst-order differentialequation
andin thein nite—time horizoncaseanalgebraicone,seee.g.,[4, 31].

In Sectionl.1, we statethe Riccati equationsf interestandintroducethe matricesand
basicnotationsusedin the remainder Then, we review the Newton-ADI iteration for the
solutionof large-scalematrix Riccatiequationsn Sectionl.2, shaving how this involvesthe
solutionof aLyapuna equatiorwith speciallystructurednatricesy thealternatingdirection
implicit (ADI) algorithmin everyiterationstep.Furthermoreye introducethe rationalmin-
maxproblemrelatedto the parameteselectionproblemthere which is the maintopic of this
paper We give a brief summaryof Wachspresstesultsanda heuristicchoiceof parameters
describedn [28], aswell asaLejapointapproach32, 33] in Section2. In Section3, we shov
how the rst two of thesemethodscanbe combinedto have a parametecomputationwhich
canbeappliedef ciently evenin caseof very large systemsSection4 shavs the ef ciency
of ourmethodcomparedo the Wachspresparametersor testexampleswherethe complete
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spectrumcan still be computednumericallyand thus Wachspressmethodcan be usedto
computethe optimalparameterdrinally, we statesomeconclusionsn Section5.

1.1. Notation and background. In this paperwe concentraten solving large sparse
matrix Riccati equationsarisingin the optimal control of semidiscretizedDEs(see,e.g.,
[6, 9]). Dependingon whetherthe control problemsareformulatedonin nite- or nite-time
horizons theseRiccatiequationsare

(1.1)
or
(1.2)

respectiely. Typically, thecoefcient matricesof theseRiccatiequationdave agivenstruc-
ture (e.g.,sparsesymmetric,or low rank).Ef cient numericaimethodsor-large scaleprob-
lemshaveto exploit this structure Themainfocusof ourresearclis how this canbeachieved
within anADI parameteselectionprocedure.

ThealgebraicRiccatiequation(ARE) is a nonlinearsystemof equationssoit is natural
to apply Newton's methodto nd its solutions.This approacthasbeeninvestigateddetails
andfurtherreferenceganbe foundin [4, 14, 20, 26, 29, 30]. DifferentialRiccati equations
canefciently be solved by BDF methodsknown from ordinary differential equationg 8,
12, 15]. This involvessolving algebraicequationof type (1.1) in eachtime step.Thus,an
improvementn thesolutionof AREswill leadto substantiaimprovementin solving(1.2).

1.2. Newton-ADI iteration. Observinghatthe (Frectet)derivativeof  at isgiven
by the Lyapunw operator

Newton's methodfor AREscanbewritten as

Then, one stepof the Newton iterationfor a given startingmatrix canbe implementedas
shavnin Algorithm 1.1.

ALGORITHM 1.1
Newton's methodfor AREs

Require: ,suchthat isstable
1:
2: SolvethelLyapunw equation
3:

Newton'siterationfor AREscanbereformulatedasa one-stepterationrewriting it such
thatthe next iterationis computeddirectly from the Lyapunw equationin Step2 of Algo-
rithm 1.1,

(1.3)
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Sowe haveto solve aLyapunw equation
(1.4)

with stable in eachNewton step.Equation(1.4) will be solved usingthe ADI iteration,
which canbewritten as[36]

(1.5)

Note that from (1.3 we seethat in (1.4) and (1.5 canbe representedsthe sumof a
sparsamatrix( ) andalow-rankperturbation ). Thisallows usto exploit the
Sherman-Morrison-\8odhury formula(see,e.g.,[17]) in the solver for (1.5). Thereforewe
considerthe problemsparsef  hasthis speci ¢ structure.Note that for problemsfrom a
nite elementdiscretization, with sparsemassmatrix  andsparsestiffness
matrix . Despitethe fact that, in this case, will in generalbe densethe problemcan
still be consideredsparseasall linearalgebraoperationgequiredinvolve only sparsematrix
multiplication,andsparsesystensolvesas neverneedgo beformedto implementheADI
method;seg[5].

If the shift parameters arechosenappropriatelythen with a su-
perlinearcorvergencerate. In orderto make this iteration work for large-scaleproblems,
we apply the low-rank Newton-ADI methodpresentedn [7, 28] (baseduponthe iterative
techniqueby Wachspresg36]) to the AREs.

Practicalexperienceshaws thatit is crucial to have good shift parameterdo get fast
convergencen the ADI processlf the parametersirereal', the errorin iterate is givenby

, where
and . Thus,the error after iterationssatis es , where
. Unrolling matricesinto vectorsin (1.4), one obsenresthat with the Kronecler
products and alsothefactorsn  commuteand . Therefore,
(1.6)
where and
By this, the ADI parametersare chosenin orderto minimize , which leadsto the

rationalmin-maxproblem

(1.7)

for the shift parameters ; see,e.g.,[37]. This minimizationproblemis alsoknown asthe
rational Zolotarev problemsince,in the real case,i.e., , it is equivalentto the
third of four approximatiorproblemssolvedby Zolotarer in the 19thcentury;see[23]. Fora
completehistoricaloverview; see[35].

1This is the desiredcasefor efciency reasonsand canbe assuredn mary applicationsto optimal control
problemsfor diffusion-reaction-coredion equations.
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2. Review of existing parameter selectionmethods. Many proceduregor construct-
ing optimal or suboptimalshift parameterfiaze beenproposedn the literature[19, 27, 33,
37]. Most of the approachesover the spectrunof by adomain andsolve (1.7)
with respecto insteadof . In generalpnemustchooseamongthevariousapproaches
to nd effective ADI iterationparametergor speci ¢ problemsOnecouldevenconsiderso-
phisticatedalgorithmslik e the one proposeddy Istaceand Thiran[19] in which the authors
usenumericaltechniquedor nonlinearoptimizationproblemsto determineoptimal parame-
ters.However, it is importantto make surethatthetime spentin computingparametersloes
not outweighthe corvergenceamprovementderivedtherefrom.

Wachspres§37] computeghe optimumparametersvhenthe spectrunof the matrix
is realor, in the complex case|f thespectrumof  canbeembeddedn an elliptic function
region (aprecisede nition will begivenin Section2.2), whichoftenoccursn practice These
parametersnay be chosenreal, evenif the spectrumis comple, aslong asthe imaginary
partsof the eigervaluesare small comparedo their real parts;see[25, 37] for details.The
methodappliedby Wachspres# the comple caseis similar to the techniqueof embedding
thespectrunminto anellipseandthenusingChebyshe polynomialsIn casethatthe spectrum
is notwell representedly theelliptic functionsregion,amoregeneradevelopmenby Starle
[33] describehiow generalized eja pointsyield asymptoticallyoptimaliterationparameters.
Finally, aninexpensveheuristicprocedurdor determiningADI shift parametersyhichoften
workswell in practice wasproposedy Penzl[27]. We summarizenext theseapproaches.

2.1. Leja points. Gonchar[ 18] characterizethe generalmin-maxproblemandshowvs
how asymptoticallyoptimalparametersanbeobtainedwith generalized.ejaor Fegerpoints.
Starle[32] applieshistheorytothe ADI min-maxproblem(1.7). Thegeneralized ejapoints

arede ned asfollows. Given containingthe spectraof and , aswell

asarbitrarypoints and , thenfor thenew points
and arechoserrecursvely in suchaway that, with

thetwo conditions and areful-

lled. Bagby[2] shaws thatthe rationalfunctions obtainedby this procedureareasymp-
totically minimal for therationalZolotarey problem.

Thegeneralized.eja pointscanbe determinechumericallyfor alarge classof boundary
curves and .Ontheotherhand Wachspresg37] notesthatin mary situationsvhenthe
optimal parameterchoiceleadsto relatively few iterationsto attainthe prescribedaccurag
basedon (1.6), choosinglLeja pointsinsteadof the Wachspresparametersnay leadto poor
convergence Moreover, the computationof Leja pointsis quite time-consumingvhentheir
numberbecomedarge.

2.2. Optimal parameters. In this section,we summarizethe parameteselectionpro-
ceduregivenin [37].
De ne thespectrabounds , andasectorangle forthematrix as

2.1)

where aretheeigervaluesof . It isassumedhatthespectrunof liesinside
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theelliptic functionsregiondeterminedy , , ,asde nedin[37]: let
(2.2) —— _—

If , then andtheparameterarereal.We de ne

(2.3) _— -

andtheelliptic integrals and via

(2.4)
as
(2.5) - —

where is the incompleteelliptic integral of the rst kind, is its modulus,and s its
amplitude.

With this, we cangive a precisede nition of the region containing . This region
istangentotheray fromtheorigin atangle , yielding [37, Sectiord.3].
DEFINITION 2.1 [37]. Theelliptic functionregion correspondingo is de nedas

and

whee is de nedabove areasin (2.3) and(2.5), respectivelyand s the
well-knownJacobielliptic function[ 1, Chapter16].

Thenumberof the ADI iterationsrequiredto achieve is — - ,and
the ADI parametersregivenby
(2.6) —
with the Jacobielliptic function asin De nition 2.1

If , the parameterarecomplex. We de ne thedualelliptic spectrum,

Substituting in (2.2), we nd that

By construction, mustnow be greaterthan . Therefore we maycomputethe optimum
realparameters for thedualproblem.Thecorrespondingomplex parameterfor theactual
spectruncanthenbe computedrom

2.7) S

yielding

(2.8) _



ETNA

Kent State University
http://etna.math.kent.edu

ON THE PARAMETER SELECTIONIN THE NEWTON-ADI ITERATION 141

2.3. Heuristic parameters. Theboundsneededo computeoptimal parametergretoo
expensveto becomputedexactlyin caseof large-scalesystemecauseéhey needtheknowl-
edgeof thewholespectrunof . In fact,this computatiorwould bemoreexpensve thanthe
applicationof the ADI methoditself.

An alternatve wasproposeddy Penzlin [27]. He presents heuristicprocedurewvhich
determinesuboptimalparameterasedn theideaof replacing by anapproximation

of the spectrumin (1.7). Speci cally, is approximatedisingthe Ritz valuescom-
putedby the Arnoldi procesgor ary otherlarge-scalesigensoler). Dueto the factthatthe
Ritz valuestendto be locatednearthe largestmagnitudeeigervalues,the inversesof the
Ritz valuesrelatedto arealsocomputedo getan approximationof the smallestmag-
nitudeeigervaluesof yielding abetterapproximatiorof . Thesuboptimabarameters
arechoseramongtheelement®f this approximatiorbecaus¢hefunction

becomesmallover if thereis oneof the shifts  in the neighborhoof eacheigen-
value.Theproceduredetermineshe parameterssfollows. First, the element which
minimizesthe function over ischosenTheset s initialized by either or
the pair of complex conjugates .Now is successiely enlagedby the elementsor
pairsof elementsof , for which the maximumof the current s attained.Doing this,
theelementsof  giving the largestcontributionsto the valueof ~ aresuccessiely can-
celedout. Thereforetheresulting  is nonzeroonly in theelementof — whereits valueis
comparablysmallanyway. In this sense(1.7) is solved heuristically

2.4. Discussion. In the consideredapplicationsfrom PDE constraintcontrol, we are
mainly concernedwith problemswherethe diffusive part dominatesthe cornvectionterms.
Thus,theresultingoperatohasa spectrunwith only moderatelyjargeimaginarypartscom-
paredto thereal parts.Only for thiskind of problemsNewton-ADI appeargo be a suitable
methodasfor convection-dominategroblems the low-rank propertyof the solutionwhich
makestheapproacHeasiblefor large-scalgroblemawill in generahothold.Hence we will
assumehatthe spectrumof  is containedn a sectorwith moderateopeninganglein the
left half-plane.Note thatfrom numericalexperimentst seemghatthis propertyis inherited
bythe inthe Newtoniterationdespitethe factthatthey will in generabe nonsymmetric
evenif  is symmetricnegative de nite. In this situation,the Wachspresspproachshould
alwaysbe applicableandleadto realshift parametern mary casesin problemswherethe
reactve andcorvective termsare absentj.e., we are consideringa plain heatequationand
thereforethe spectrumis part of the real axis, the Wachspresparametersre provento be
optimal. Theheuristicgproposedy Penzlthenrequireconsiderablynoreexpensve compu-
tations,and Starle notesin [327] thatthe generalized_eja approachwill not be competitve
heresinceit is only asymptoticallyoptimal. For the complex spectracase commonstratgies
to determinethe generalized_eja pointsgeneralizehe ideaof enclosingthe spectrumby a
polygonaldomain,wherethestartingrootsareplacedn thecornersSooneneedgjuiteexact
informationaboutthe shapeof the spectrunthere.In practice,this computationwill betoo
expensve unlessoneknows somea priori informationaboutthe spectrum.

3. Suboptimal parameter computation. In this sectionwe discussour new contritu-
tion to the parametesselectionproblem.The ideais to avoid the problemsof the methods
reviewedin the previoussectionandon the otherhandcombinetheir advantages.

Sincethe importantinformationthat we needto know for the Wachspresspproachis
theoutershapeof thespectrunof thematrix , wewill describeanalgorithmapproximating
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the outerspectrumWith this approximatiorthe input parameters, , for the Wachspress
methodare determinecandthe optimal parametergor the approximatedpectrumarecom-
puted.Obviously, theseparametersiave to be consideredsuboptimalfor the original prob-
lem, but if we canapproximatehe outerspectrumusinga few Ritz valuesonly, we endup
with a methodgiving nearlyoptimal parameterat a drasticallyreducedccomputationatost.
Algorithm 3.1is basedntheseddeas.

ALGORITHM 3.1
Approximateoptimal ADI parametercomputation

Require:  Hurwitz stable

1 if then

2:  Computethe spectraboundsandset and ,

3: - )

4: - ) - .

5. Compute andtheparameteraccordingo (2.6).

6: else

7. Compute , and —

8: Compute largestmagnitudeeigervalues for the shifted matrix by an

Arnoldi procesor alike.
9:  Shifttheseeigervaluesback,i.e.,set
10 Compute , ,and fromthe asin (2.1).

11:  if in (2.2 then

12: Computethe parameterdy (2.2)—(2.6).

13: else TheADI parameterarecomplecin thiscase

14: Computethedualvariables.

15: Computethe parameteror the dualvariablesby (2.2—(2.6).
16: Use(2.7) and(2.8) to getthecomplex shifts.

17:  endif

18: endif

In thefollowing, we discusshe maincomputationastepsin Algorithm 3.1

Realspecta. In the casewherethe spectrumis real, we cansimply computethe upper
and lower boundsof the spectrumby the Arnoldi (or, if , the Lanczos)process
and enterthe Wachspresgomputationwith thesevaluesfor and , andset , e,
we only have to computetwo completeelliptic integralsby an arithmeticgeometricmean
process.This is very cheapsinceit is a quadraticallycorverging scalarcomputation(see
belon). Note that particularly in the symmetriccaseleadingnaturallyto a real spectrum,
applyingthe Lanczosprocesgo  with its simultaneougonvergenceto the eigervaluesof
thesmallestandlargestmagnitudd 17, Section9.1], no eigervaluecomputatiorusing is
necessaryn ary caseastheaccuratecomputatiorof , usuallyrequiresonly few Arnoldi
or Lanczosstepsthe parametercalculationwill usuallybe signi cantly moreefcient than
Penzls heuristicwhich requiresmary Ritz valuesof and

Comple specta. For complex spectrawe introducean additionalshifting stepto be
ableto applythe Arnoldi processnoreef ciently . Sincewe aredealingwith stablesystems,
we computethe largestand smallestmagnitudeeigervaluesandusethe arithmeticmeanof
their real partsasa horizontalshift suchthatthe spectrums centeredaboutthe origin. Now

°Notethatthe Newton-ADl-iterationassumeshatwe know astabilizinginitial feedbackpr thesystenmis stable
itself.



ETNA

Kent State University
http://etna.math.kent.edu

ON THE PARAMETER SELECTIONIN THE NEWTON-ADI ITERATION 143

Arnoldi'smethods appliedto theshiftedspectrunto computeanumberof largestmagnitude
eigervaluesThesewill now automaticallyincludethe smallestmagnitudesigervaluesof the
original systematfter shifting back. So we can avoid extensve applicationof the Arnoldi
methodto the inverseof . We only needit to geta roughapproximationof the smallest
magnitudesigervalueto determine and for theshifting step.

The numberof eigervalueswe computecan be seenas a tuning parametethere.The
more eigervalueswe compute the betterthe approximationof the shapeof the spectrumis
andthe closerwe getto theexact , , and , but obviously the computatiorbecomesnore
andmoreexpensve. Especiallythedimensiorof theKrylov subspacess increasingwith the
numberof parametersequestedndwith it thememoryconsumptionn the Arnoldi process.
Butin casesvherethe spectrunis lling arectangleor anegg-like shapeafew eigervalues
aresufcient here;compareSection4.L

A drawbackof thismethodcanbethatin caseof small(comparedo therealparts)imag-
inary partsof the eigervalues,one may needa large numberof eigervalueapproximations
to nd theoneswith largeimaginaryparts,which arecrucialto determine accuratelyOn
the otherhand,in that casethe spectrumis almostreal, andthereforeit will be sufcient to
computethe parameter$or the approximateaeal spectrumn mostapplications.

Computationof the elliptic integrals. The new aswell asthe Wachspresparameter
algorithmsrequirethe computatiornof certainelliptic integralspresentedn (2.4). Theseare
equialentto theintegral

(3.1)
In the caseof realspectra, —and - isacompleteelliptic integral of theform
and , where is thearithmeticgeometriomeanof and . The

proof for the quadraticcorvergenceof the arithmeticgeometricmeanprocesss givenin
mary textbooks;see e.g.,[34].

For incompleteelliptic integrals,i.e., thecase , anadditionalLandens transfor
mationhasto be performedHere, rst thearithmeticgeometricmeanis computedasabove,
thena descendindg.andens transformationis applied(see[1, Chapterl7]), which comesin
atthe costof a numberof scalartangenttomputationgqualto the numberof iterationsteps
takenin thearithmeticgeometrianeanprocessabove.

The valueof the elliptic function  from equation(2.6) is alsocomputedby an arith-
meticgeometricmeanprocessseeg[ 1, Chapterl6].

To summarizehe advantage®f the proposednethod we cansaythefollowing.

(i) We computereal shift parametergvenin mary caseof complex spectrawhere
theheuristicmethodwvould computecomplex ones Thisresultsin asigni cantly cheapeADI
iterationconsideringnemoryconsumptiorandcomputationakffort, sincecomplex compu-
tationsareavoided.

(i) We have to computelessRitz valuescomparedo the heuristicmethod,reducing
the time spentin the computationaloverheadfor the accelerationof the ADI method.In
particular the numberof applicationsof in the eigervalue computationgs drastically
reducedr evenavoidedcompletely

(i) We computea goodapproximationof the Wachspresparameterst a drastically
reduceccomputationatostcomparedo their exactcomputation.
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4. Numerical results. For thenumericakests we usedthe LyaPack? softwarepackage
[28]. A testprogramsimilarto demo._rl fromthelLyaPack exampless usedfor thecompu-
tation,wherethe ADI parameteselectionis switchedbetweerthe methodsdescribedn the
previoussectionsWe arehereconcentratingon the casewherethe ADI shift parametersan
bechoserreal.

4.1. FDM semidiscretizeddiffusion-convection-reactionequation. Here,we consid-
erthe nite differencesemidiscretizegartialdifferentialequation

(4.1) —

where is afunctionof time , verticalposition andhorizontalposition onthesquare
with oppositecorners and . The exampleis taken from the SLICOT collection
of benchmarlexamplesfor modelreductionof lineartime-invariantdynamicalsystemssee
[11, Section2.7] for details.It is givenin semidiscretizedtatespacemodelrepresentation:

(4.2)

Thematrices , , for this systemcanbefoundonthe SLICOT website’.
Figures4.1(a) and4.1(b) showv the spectrumand sparsitypatternof the systemmatrix

. The iterationhistory; i.e., the numbersof ADI stepsin eachstepof Newton's method,
is plottedin Figure4.1(c). There,we canseethatin factthe semioptimalparametersvork
exactly like the optimal onesby the Wachspresspproach.This is what we would expect
sincethe rectangulasspectrumis an optimal casefor our idea,becausehe parameters,
and areexactly (up to the accurag of Arnoldi's method)computechere.Note especially
thatfor the heuristicparametergen more outer Newton iterationsthanfor our parameters
arerequired.

4.2. FDM semidiscretized heat equation. In this example,we testedthe parameters
for the nite differencesemidiscretizetheatequationon the unit square

(4.3) —

Thedatais generatedy theroutinesfdm 2d _matrix ~andfdm _2d _vector from theex-
amplesof the LyaPack packageDetails on the generationof testproblemscan be found
in the documentatiomf theseroutines(commentsand M ATLAB help). Sincethedifferential
operatoris symmetrichere,the matrix  is symmetricandits spectrumis realin this case.
Hence, , andfor the Wachspresparametersnly the largestand smallestmagnitude
eigervalueshave to be foundto determine and . That meanswe only needto compute
two Ritz valuesby the Arnoldi process(which hereis in fact a Lanczosprocessbecause
of symmetry)comparedo about30 (which seemdo be an adequatenumberof shifts) for
the heuristicapproachWe useda testexamplewith 400 unknowvns hereto still be ableto
computethe completespectrunusingeig for comparison.

In Figure4.2, we plottedthesparsitypatternof  andtheiterationhistoryfor thesolution
of the correspondingARE. We can see(Figure 4.2(b)) that iteration numbersonly differ
very slightly. Hence ,we canchoosequite independentlyvhich parameterso use.Sincethe
Wachspressipproachneedsa goodapproximationof the smallestmagnitudeeigervalue, it
might be a goodideato choosethe heuristicparameterdiere (even thoughthey are much
moreexpensveto compute)f the smallestmagnitudesigervalueis known to becloseto the
origin (e.g.,in caseof nite elementdiscretizationsvith ne meshes).

Shttp://iwwwnetlihorg/lyapak/ or http://wwwtu-chemnitz.de/s&93lyapack/.
4http://wwwslicot.og/index.phpite=benchmodrel.
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Sparsity pattern oA Eigenvalues of a centered FDM semidiscretized diffusion-reaction-convection equ
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FIG. 4.1. (a) Spasity patternof the FDM semidiscetizedopemator for equation(4.1) and(b) its spectrum(c)
Iteration historyfor the Newton ADI methodappliedto (4.1).

4.3. FEM semidiscietized corvection-diffusion equation. The lastexampleis a sys-
temappearingn the optimal heating/coolingpf a uid o w in atube.An applicationis the
temperatureegulationof certainreagenin o wsin chemicalreactorsThe modelequations
are

— in
on in

(4.4)
— ON  nheat heat

— on  out

Here, istherectanguladomainshovnin Figure4.3a). Theinow i, is attheleft partof
theboundaryandtheout ow o therightone.Thecontrolis appliedvia theupperandlower
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Sparsity pattern oA 50 ADI iteration number
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|

FiG. 4.2. (a) Spasity patternof the FDM semidiscetizedoperator for equation(4.3), and(b) iteration history
for the Newvton-ADImethod.
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FIG. 4.3. (a) A 2d cross-sectiomf theliquid ow in a roundtube (b) Eigernvalueandshift parameterdistributions.

boundariesWe canrestrictourselhesto this 2d domainassumingotationalsymmetryi.e.,
nonturhulentdiffusion-dominatedo ws. Thetestmatriceshave beencreatedusingthe COM-
SOL Multiphysicssoftwareand , resultingin the eigervalueandshift distributions
shavn in Figure4.3(b).

Sincea nite elementdiscretizationin spacehasbeenappliedhere,the semidiscrete
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Sparsity pattern of A and M

Sparsity pattern of A and M after reordering

100 R 100

2001 200}
300} 300}
400}
s00f .
6001 600}
700} 700}
800} 800}
900 - 900}

1000 1000 -

0 200 400 600 800 1000 0 200 400 600 800 1000
nz =7378 nz =7378
@ (b)
ADI lteration history
0 T T T T T 80 T T T
I Optimal
100 - 3 [ Heuristic
or —
200 7
300 - 8or o o o o
400+ 5 S0l
2 —
500 -8
2 a0r
600 7 g
#
700 - 3or
800 - q 20l
900 - 7
101
1000 5
. . . . . 0 Ll Ll Ll Ll Ll .
0 200 400 600 800 1000 2 3 4 5 6
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(© (d)

FIG. 4.4. (a) Spasity patternof and  in (4.5, (b) sparsity patternof and  in (4.5) afterreodering
for bandwidthreduction (c) sparsity patternof the Cholesk factor of reodered , and(d) iteration historyfor the
Newton-ADImethod.

modelis of theform
(4.5)

This is transformednto a standardsystem(4.2) usingthe sparseCholesky decomposition
(Notethat is symmetricpositive de nite.). SparseaeverseCuthill-McKee
orderingis usedto reducethe Il in in the Cholesly factors;seeFigure4.4(a)-(c) for sparsity
patternsandnonzerocounts.Thende ning , , ,
and (without computingary of theinversesexplicitly in thecode),we endup
with astandardsystenfor having thesamenputs as(4.5).
Figure4.4(d) shavstheiterationhistoryfor theNewton-ADI methodwith thesuggested
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parametechoicesNotethattheheuristicparameterglo notappeain theresultsbargraphics
there.Thisis dueto the factthatthe LyaPack softwarecrashedwhile applyingthe complec

shift computedby the heuristics.Numericaltestsonly using the real onesof the heuristic
parametergeadto very poorcorvergencdn theinnerloop, whichis generallystoppedy the

maximumiterationnumberstoppingcriterion. Thus,no cornvergenceof the Newtoniteration
is obtained.

5. Conclusions. In this paper we have reviewed existing methodsor determiningsets
of ADI parametersandbasedon this review we suggest new procedurenvhich combines
the bestfeaturesof two of those.For the real case,the parametercomputedby the new
methodare optimal and in mary complex casestheir performancds quite satisictory as
onecanseein the numericalexamples.The computationatostdependnly on that of the
Arnoldi procesdor the matrix involved and on the computationof elliptic integrals. Since
the latteris a quadraticallycorverging scalariteration,the Arnoldi processs the dominant
computatiorhere , which makesthis methodsuitablefor the large-scalesystemsarisingfrom

nite elementdiscretizationof PDEs.The main advantage®f the nev methodarethatit is
cheapetto computethanthe existing onesandthat it avoids complex computationsn the
ADI iterationfor mary casesvherethe otherswould resultin complex ADI iterations.

REFERENCES

[1] M. ABRAMOWITZ AND |. A. STEGUN, eds.,Pocketbookof MathematicalFunctions Abridged edition of
Handbookof MathematicalFunctions Material selectedby M. Danosand J. Rafelski, Verlag Harri
DeutschFrankfurtamMain, 1984.

[2] T.BAGBY, Oninterpolationby rational functions Duke Math. J.,36 (1969),pp.95-104.

[3] H. T. BANKS AND K. KuNIscH, Thelinear regulator problemfor parabolic systemsSIAM J. Control
Optim.,22(1984),pp.684—698.

[4] P. BENNER, Computationamethoddor linear-quadiatic optimization Rend.Circ. Mat. Palermo(2) Suppl.,
58(1999),pp. 21-56.ExtendedversionavailableasBerichte ausder TechnomathematikReport98-04,
Universitit Bremen August1998, http://wwwmath.uni-bremen.de/zetébeaichte.html.

[5] , Solvinglarge-scalecontol problems IEEE Control Syst.Mag., 24 (2004),pp. 44-59.

[6] P. BENNER, S. GORNER, AND J. SAAK, Numericalsolutionof optimal contiol problemsfor parabolic sys-
tems in Parallel AlgorithmsandClusterComputing,vol. 52 of LectureNotesin ComputationaScience
andEngineeringSpringey Berlin, 2006,pp. 151-169.

[7] P. BENNER, J.-R. LI, AND T. PENZzL, Numericalsolutionof large Lyapune equationsRiccati equations,
andlinear-quadiatic contiol problems To appeatin Numer Linear AlgebraAppl.

[8] P. BENNER AND H. MENA, BDF methoddor large-scaledifferential Riccati equationsin Proceeding®f
MathematicalTheory of Network and SystemgMTNS 2004),B. De Moor, B. Motmans,J. Willems,
P. VanDooren,andV. Blondel,eds.,2004.

[9] P. BENNER AND J. SAAK, Linearquadmatic regulator designfor optimal cooling of steelpro les, Tech.
ReportSFB393/05-05Sonderforschungsberei@®3 Parallele Numerisbe Simulationfur Physikund
Kontinuumsmétanik TU Chemnitz,Chemnitz,Germary, 2005. http://wwwtu-chemnitz.de/sfb393
sfbO5prhtml.

[10] A.BENSOUSSAN, G. DA PRATO, M. C. DELFOUR, AND S. K. MITTER, Repesentatiorand Contol of In-
nite DimensionalSystemsSystems& Control: Foundations& Applications,BirkhauseBoston,Mas-
sachusett2nded.,2007.

[11] Y. CHAHLAOUI AND P. VAN DOOREN, A collectionof bend©imark examplesfor modelreductionof linear
timeinvariant dynamicalsystemsSLICOT Working Note 2002-2,2002. http://wwwslicot.og.

[12] C. H. CHol AND A. J. LAuB, Ef cient matrix-valuedalgorithmsfor solvingstiff Riccati differential equa-
tions IEEE Trans.Automat.Control,35 (1990),pp. 770-776.

[13] R. F. CURTAIN AND H. ZWART, An Introductionto In nite-DimensionalLinear Systemdheory vol. 21 of
Textsin Applied MathematicsSpringefVerlag,New York, 1995.

[14] B. N. DATTA, NumericalMethodsfor Linear Contiol SystemsElsevier AcademicPressCalifornia,2004.

[15] L. Dieci, Numericalintegration of the differential Riccatiequationand somerelatedissues SIAM J. Numer
Anal., 29(1992),pp. 781-815.

[16] J.S. GiBSON, TheRiccatiintegral equationdor optimalcontol problemsonHilbert spacesSIAM J.Control
Optim.,17(1979),pp.537-565.




ETNA

Kent State University
http://etna.math.kent.edu

ON THE PARAMETER SELECTIONIN THE NEWTON-ADI ITERATION 149

[17] G. H. GoLuB AND C. F. VAN LoAN, Matrix ComputationsJohnsHopkins Studiesin the Mathematical
SciencesJohnsHopkinsUniversity PressMaryland,3rd ed.,1996.

[18] A.A.GONCHAR, Zolotarv problemsconnectedvith rational functions Math. USSRSh, 7 (1969),pp.623—
635.

[19] M.-P.ISTACE AND J.-P. THIRAN, On thethird and fourth Zolotarev problemsin the comple plang SIAM
J.Numer Anal., 32 (1995),pp. 249-259.

[20] P. LANCASTER AND L. RODMAN, Algebraic Riccati Equations Oxford SciencePublications Oxford Uni-
versity PressNew York, 1995.

[21] I.LASIECKA AND R. TRIGGIANI, Differential and Algebraic Riccati Equationswith Applicationto Bound-
ary/Point Control Problems:ContinuousTheoryand ApproximationTheory vol. 164 of LectureNotes
in ControlandInformationSciencesSpringefVerlag,Berlin, 1991.

, Contmol theoryfor partial differential equationsccontinuousandapproximationtheories |, vol. 74 of
Eng/clopediaof MathematicsandlIts Applications,CambridgeUniversity PressCambridge2000.

[23] V. I. LEBEDEV, On a Zolotarev problemin the methodof alternatingdirections U.S.S.R.Comput.Math.
Math.Phys.,17 (1977),pp.58-76.

[24] J.-L. L1oNs, Optimal Contol of SystemsGovernedby Partial Differential Equations vol. 170 of Die
Grundlehrender mathematischeVissenschaftenSpringefVerlag, New York, 1971. Translatedby
S.K. Mitter.

[25] A.Lu AND E. L. WACHSPRESS, Solutionof Lyapune equationsy alternatingdirectionimplicit iteration,
Comput.Math. Appl., 21 (1991),pp. 43-58.

[26] V. L. MEHRMANN, The Autonomoud.inear Quadmatic Contwol Problem.Theoryand NumericalSolution
vol. 163 of LectureNotesin ControlandInformationSciencesSpringefVerlag,Berlin, 1991.

[27] T. PENZzL, A cycliclow-rank Smithmethodfor large spaise Lyapune equations SIAM J. Sci. Comput.,21
(1999),pp.1401-1418.

, LYAPACK Users Guide Tech. Report SFB393/00-33 Sonderforschungsbereic93 Numerisbe
Simulationauf massivparallelen Redinern TU Chemnitz, Chemnitz,Germary, 2000. http://www
tu-chemnitz.de/sfb393/sfbO0mimI.

[29] P.H. PeTkov, N. D. CHRISTOV, AND M. M. KONSTANTINOV, ComputationaMethodgfor Linear Control
SystemaPrentice-Hall Hertfordshire UK, 1991.

[30] V. SIMA, Algorithmsfor LinearQuadmatic Optimization vol. 2000f MonographsaindTextbooksin Pureand
Applied MathematicsMarcelDekker Inc., New York, 1996.

[31] E. D. SONTAG, MathematicalContiol Theory DeterministicFinite-DimensionalSystemsvol. 6 of Texts in
Applied MathematicsSpringefVerlag,New York, 2nded.,1998.

[32] G. STARKE, RationaleMinimierungspoblemein der komplecen Ebeneim Zusammenhanmit der Bestim-
mungoptimalerADI-Parameter PhD thesis Fakulit fir Mathematik,Universitt Karlsruhe December
1989.

, Optimal alternating direction implicit parametes for nonsymmetrisystemsof linear equations
SIAM J.Numer Anal., 28 (1991),pp. 1431-1445.

[34] U. STORCH AND H. WIEBE, Lehrtuch der MathematikBand1: AnalysiseinerVeranderlidhhen[Textbookof
Mathematics\ol. 1: Analysisof a Variable], SpektrumAkademische¥erlag,Heidelbeg, 3rd ed.,2003.

[35] J. TopD, Applicationsof transformationtheory: a legacy from Zolotarev (1847-1878)in Approximation
Theoryand Spline Functions(St. Johns, N d., 1983),vol. 136 of NATO AdvancedSciencelnstitutes
SeriesC: MathematicabndPhysicalSciencesReidel,Dordrecht,1984,pp. 207-245.

[36] E.L.WACHSPRESS, Iterative solutionof the Lyapune@ matrix equation Appl. Math. Lett., 1 (1988),pp.87—
90.

, TheADI modelproblem Preprint,1995.

(22]

(28]

(33]

[37]




