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ON THE PARAMETER SELECTION PROBLEM IN THE NEWTON-ADI
ITERATION FOR LARGE-SCALE RICCATI EQUATIONS
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Abstract. The numericaltreatmentof linear-quadraticregulator (LQR) problemsfor parabolicpartial differ-
ential equations(PDEs)on in�nite-time horizonsrequiresthe solution of large-scalealgebraicRiccati equations
(AREs).TheNewton-ADI iterationis anef�cient numericalmethodfor this task.It includesthesolutionof a Lya-
punov equationby the alternatingdirection implicit (ADI) algorithm at eachiteration step.Here, we study the
selectionof shift parametersfor the ADI method.This leadsto a rationalmin-maxproblemwhich hasbeencon-
sideredby many authors.Sinceknowledgeabouttheexactshapeof thecomplex spectrumis crucialfor computing
theoptimalsolution,this is ofteninfeasiblefor the large-scalesystemsarisingfrom �nite elementdiscretizationof
PDEs.Therefore,severalmethodsfor computingsuboptimalparametersarediscussedandcomparedon numerical
examples.

Key words. algebraicRiccati equation,Newton-ADI, shift parameters,Lyapunov equation,rationalmin-max
problem,Zolotarev problem
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1. Intr oduction. Optimal control problemsgovernedby partial differentialequations
areatopicof currentresearch.Many control,stabilization,andparameteridenti�cation prob-
lemscanbe reducedto the linear-quadraticregulator(LQR) problem,see[10, 13, 21, 22].
Particularly, LQR problemsfor parabolicsystemshave beenstudiedin detail in thepast30
years,andseveral resultsconcerningexistencetheoryandnumericalapproximationcanbe
found,e.g.,in [21, 22, 24] andthereferencestherein.Gibson[16] andBanksandKunisch[3]
presentapproximationtechniquesto reducethe inherentlyin�nite-dimensionalproblemof
thedistributedregulatorproblemfor parabolicPDEsto (large)�nite-dimensionalanalogues.

Thesolutionof these�nite-dimensionalproblemscanbereducedto thesolutionof ama-
trix Riccatiequation.In the�nite-time horizoncase,this is a �rst-order differentialequation
andin thein�nite–time horizoncaseanalgebraicone,see,e.g.,[4, 31].

In Section1.1, we statetheRiccatiequationsof interestandintroducethematricesand
basicnotationsusedin the remainder. Then,we review the Newton-ADI iteration for the
solutionof large-scalematrixRiccatiequationsin Section1.2, showing how this involvesthe
solutionof aLyapunov equationwith speciallystructuredmatricesby thealternatingdirection
implicit (ADI) algorithmin every iterationstep.Furthermore,we introducetherationalmin-
maxproblemrelatedto theparameterselectionproblemthere,which is themaintopicof this
paper. We give a brief summaryof Wachspress'resultsanda heuristicchoiceof parameters
describedin [28], aswell asaLejapointapproach[32, 33] in Section2. In Section3, weshow
how the�rst two of thesemethodscanbecombinedto have a parametercomputationwhich
canbeappliedef�ciently evenin caseof very largesystems.Section4 shows theef�ciency
of ourmethodcomparedto theWachspressparametersfor testexamples,wherethecomplete
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(benner@mathematik.tu-chemnitz.de ).
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spectrumcan still be computednumericallyand thus Wachspress'methodcanbe usedto
computetheoptimalparameters.Finally, we statesomeconclusionsin Section5.

1.1. Notation and background. In this paper, we concentrateon solving largesparse
matrix Riccati equationsarising in the optimal control of semidiscretizedPDEs(see,e.g.,
[6, 9]). Dependingon whetherthecontrolproblemsareformulatedon in�nite- or �nite-time
horizons,theseRiccatiequationsare
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respectively. Typically, thecoef�cient matricesof theseRiccatiequationshavea givenstruc-
ture(e.g.,sparse,symmetric,or low rank).Ef�cient numericalmethodsfor-largescaleprob-
lemshaveto exploit thisstructure.Themainfocusof ourresearchis how thiscanbeachieved
within anADI parameterselectionprocedure.

ThealgebraicRiccatiequation(ARE) is a nonlinearsystemof equations,soit is natural
to applyNewton's methodto �nd its solutions.This approachhasbeeninvestigated;details
andfurther referencescanbe foundin [4, 14, 20, 26, 29, 30]. DifferentialRiccatiequations
canef�ciently be solved by BDF methodsknown from ordinarydifferentialequations[8,
12, 15]. This involvessolving algebraicequationsof type (1.1) in eachtime step.Thus,an
improvementin thesolutionof AREswill leadto substantialimprovementin solving(1.2).

1.2. Newton-ADI iteration. Observingthatthe(Frech́et)derivativeof
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Then,onestepof the Newton iteration for a given startingmatrix canbe implementedas
shown in Algorithm 1.1.

ALGORITHM 1.1
Newton's methodfor AREs

Require: 7VU , suchthat
�

U is stable
1:
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Newton's iterationfor AREscanbereformulatedasaone-stepiterationrewriting it such
that the next iterationis computeddirectly from the Lyapunov equationin Step2 of Algo-
rithm 1.1,
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Sowe have to solveaLyapunov equation\
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with stable

\

in eachNewton step.Equation(1.4) will be solved using the ADI iteration,
whichcanbewrittenas[36]
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Note that from (1.3) we seethat

\

in (1.4) and (1.5) can be representedas the sum of a
sparsematrix (
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) anda low-rankperturbation(
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). Thisallowsusto exploit the
Sherman-Morrison-Woodbury formula(see,e.g.,[17]) in thesolver for (1.5). Therefore,we
considerthe problemsparseif

\

hasthis speci�c structure.Note that for problemsfrom a
�nite elementdiscretization,

�k�2!jl

'4)nm

with sparsemassmatrix
l

andsparsestiffness
matrix

m

. Despitethe fact that, in this case,
�

will in generalbe dense,the problemcan
still beconsideredsparseasall linearalgebraoperationsrequiredinvolveonly sparsematrix
multiplication,andsparsesystemsolvesas

�

neverneedsto beformedto implementtheADI
method;see[5].

If the shift parameters
_o`

arechosenappropriately, then prqts

`fuwvx�y`z�k�

with a su-
perlinearconvergencerate. In order to make this iteration work for large-scaleproblems,
we apply the low-rank Newton-ADI methodpresentedin [7, 28] (baseduponthe iterative
techniqueby Wachspress[36]) to theAREs.

Practicalexperienceshows that it is crucial to have good shift parametersto get fast
convergencein theADI process.If theparametersarereal1, theerrorin iterate{ is givenby
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By this, the ADI parametersare chosenin order to minimize
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rationalmin-maxproblem
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for theshift parameters
_

`

; see,e.g.,[37]. This minimizationproblemis alsoknown asthe
rational Zolotarev problemsince,in the real case,i.e., ¯

�

\

�#°²±

, it is equivalent to the
third of four approximationproblemssolvedby Zolotarev in the19thcentury;see[23]. For a
completehistoricaloverview; see[35].

1This is the desiredcasefor ef�ciency reasonsand can be assuredin many applicationsto optimal control
problemsfor diffusion-reaction-convection equations.
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2. Review of existing parameter selectionmethods. Many proceduresfor construct-
ing optimalor suboptimalshift parametershave beenproposedin the literature[19, 27, 33,
37]. Most of theapproachescover thespectrumof

\

by a domain ³

°µ´

' andsolve (1.7)
with respectto ³ insteadof ¯

�

\

�

. In general,onemustchooseamongthevariousapproaches
to �nd effectiveADI iterationparametersfor speci�c problems.Onecouldevenconsiderso-
phisticatedalgorithmslike theoneproposedby IstaceandThiran [19] in which theauthors
usenumericaltechniquesfor nonlinearoptimizationproblemsto determineoptimalparame-
ters.However, it is importantto makesurethatthetime spentin computingparametersdoes
notoutweightheconvergenceimprovementderivedtherefrom.

Wachspress[37] computestheoptimumparameterswhenthespectrumof thematrix

\

is realor, in thecomplex case,if thespectrumof

\

canbeembeddedin anelliptic function
region(aprecisede�nition will begivenin Section2.2), whichoftenoccursin practice.These
parametersmay be chosenreal, even if the spectrumis complex, as long asthe imaginary
partsof theeigenvaluesaresmall comparedto their real parts;see[25, 37] for details.The
methodappliedby Wachspressin thecomplex caseis similar to thetechniqueof embedding
thespectruminto anellipseandthenusingChebyshev polynomials.In casethatthespectrum
is notwell representedby theelliptic functionsregion,amoregeneraldevelopmentby Starke
[33] describeshow generalizedLejapointsyield asymptoticallyoptimaliterationparameters.
Finally, aninexpensiveheuristicprocedurefor determiningADI shift parameters,whichoften
workswell in practice,wasproposedby Penzl[27]. We summarizenext theseapproaches.

2.1. Leja points. Gonchar[18] characterizesthegeneralmin-maxproblemandshows
how asymptoticallyoptimalparameterscanbeobtainedwith generalizedLejaor Fej́erpoints.
Starke[32] appliesthistheoryto theADI min-maxproblem(1.7). ThegeneralizedLejapoints
arede�ned asfollows.Given ¶
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�lled. Bagby[2] shows that the rationalfunctions ¾
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obtainedby this procedureareasymp-
totically minimal for therationalZolotarev problem.

ThegeneralizedLejapointscanbedeterminednumericallyfor a largeclassof boundary
curvesÆ;¶ and Æ

·

. Ontheotherhand,Wachspress[37] notesthatin many situationswhenthe
optimalparameterchoiceleadsto relatively few iterationsto attaintheprescribedaccuracy
basedon (1.6), choosingLeja pointsinsteadof theWachspressparametersmayleadto poor
convergence.Moreover, thecomputationof Leja pointsis quite time-consumingwhentheir
numberbecomeslarge.

2.2. Optimal parameters. In this section,we summarizetheparameterselectionpro-
ceduregivenin [37].
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aretheeigenvaluesof
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. It is assumedthatthespectrumof
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theelliptic functionsregiondeterminedby Ç , È , É , asde�ned in [37]: let
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where
ä

is the incompleteelliptic integral of the �rst kind,
Þ

is its modulus,and º is its
amplitude.
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with theJacobielliptic function
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2.3. Heuristic parameters. Theboundsneededto computeoptimalparametersaretoo
expensiveto becomputedexactlyin caseof large-scalesystemsbecausethey needtheknowl-
edgeof thewholespectrumof

\

. In fact,thiscomputationwouldbemoreexpensivethanthe
applicationof theADI methoditself.

An alternative wasproposedby Penzlin [27]. He presentsa heuristicprocedurewhich
determinessuboptimalparametersbasedon theideaof replacinḡ

�

\
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by anapproximation
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of the spectrumin (1.7). Speci�cally, ¯

�

\
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is approximatedusingthe Ritz valuescom-
putedby theArnoldi process(or any otherlarge-scaleeigensolver).Due to the fact that the
Ritz valuestend to be locatednearthe largestmagnitudeeigenvalues,the inversesof the
Ritz valuesrelatedto

\

'4)

arealsocomputedto getan approximationof thesmallestmag-
nitudeeigenvaluesof
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is successively enlargedby theelementsor
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, for which the maximumof the current �
� is attained.Doing this,

the elementsof
�

giving the largestcontributionsto the valueof �
� aresuccessively can-

celedout.Therefore,theresulting �
� is nonzeroonly in theelementsof

�

whereits valueis
comparablysmallanyway. In this sense,(1.7) is solvedheuristically.

2.4. Discussion. In the consideredapplicationsfrom PDE constraintcontrol, we are
mainly concernedwith problemswherethe diffusive part dominatesthe convectionterms.
Thus,theresultingoperatorhasa spectrumwith only moderatelylargeimaginarypartscom-
paredto therealparts.Only for this kind of problems,Newton-ADI appearsto bea suitable
methodasfor convection-dominatedproblems,the low-rankpropertyof thesolutionwhich
makestheapproachfeasiblefor large-scaleproblemswill in generalnothold.Hence,wewill
assumethat thespectrumof

�

is containedin a sectorwith moderateopeninganglein the
left half-plane.Notethatfrom numericalexperimentsit seemsthatthis propertyis inherited
by the

�
H

in theNewton iterationdespitethefactthat they will in generalbenonsymmetric
even if

�

is symmetricnegative de�nite. In this situation,theWachspressapproachshould
alwaysbeapplicableandleadto realshift parametersin many cases.In problems,wherethe
reactive andconvective termsareabsent,i.e., we areconsideringa plain heatequationand
thereforethe spectrumis part of the real axis, the Wachspressparametersareproven to be
optimal.Theheuristicsproposedby Penzlthenrequireconsiderablymoreexpensivecompu-
tations,andStarke notesin [32] that thegeneralizedLeja approachwill not be competitive
heresinceit is only asymptoticallyoptimal.For thecomplex spectracase,commonstrategies
to determinethegeneralizedLeja pointsgeneralizethe ideaof enclosingthespectrumby a
polygonaldomain,wherethestartingrootsareplacedin thecorners.Sooneneedsquiteexact
informationabouttheshapeof thespectrumthere.In practice,this computationwill be too
expensiveunlessoneknowssomea priori informationaboutthespectrum.

3. Suboptimal parameter computation. In this section,we discussour new contribu-
tion to the parameterselectionproblem.The ideais to avoid the problemsof the methods
reviewedin theprevioussectionandon theotherhandcombinetheir advantages.

Sincethe importantinformationthat we needto know for the Wachspressapproachis
theoutershapeof thespectrumof thematrix

\

, wewill describeanalgorithmapproximating
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theouterspectrum.With this approximationtheinput parametersÇ , È , É for theWachspress
methodaredeterminedandtheoptimalparametersfor theapproximatedspectrumarecom-
puted.Obviously, theseparametershave to be consideredsuboptimalfor the original prob-
lem, but if we canapproximatetheouterspectrumusinga few Ritz valuesonly, we endup
with a methodgiving nearlyoptimalparametersat a drasticallyreducedcomputationalcost.
Algorithm 3.1is basedon theseideas.

ALGORITHM 3.1
ApproximateoptimalADI parametercomputation

Require:

\

Hurwitz stable
1: if ¯

�

\

�9°>±

then
2: Computethespectralboundsandset Ç
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5: Compute€ andtheparametersaccordingto (2.6).
6: else
7: Compute�

Ç

�

syqt¢

Ê�Ë
�

¯
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.
8: Compute ! largestmagnitudeeigenvalues "

 

Á for the shiftedmatrix
!

\

�

�$# by an
Arnoldi processor alike.

9: Shift theseeigenvaluesback,i.e.,set
� 

Á

�

"

 

Á

�

� .
10: ComputeÇ , È , and É from the

�
 

Á asin (2.1).
11: if

ÙkÜÝ¼

in (2.2) then
12: Computetheparametersby (2.2)–(2.6).
13: else

‘

TheADI parametersarecomplex in thiscase’

14: Computethedualvariables.
15: Computetheparametersfor thedualvariablesby (2.2)–(2.6).
16: Use(2.7) and(2.8) to getthecomplex shifts.
17: end if
18: end if

In thefollowing, we discussthemaincomputationalstepsin Algorithm 3.1.
Realspectra. In thecasewherethespectrumis real,we cansimply computetheupper

and lower boundsof the spectrumby the Arnoldi (or, if

\

�

\

�

, the Lanczos)process
andenterthe Wachspresscomputationwith thesevaluesfor Ç and È , andset É

� �

, i.e.,
we only have to computetwo completeelliptic integralsby an arithmeticgeometricmean
process.This is very cheapsinceit is a quadraticallyconverging scalarcomputation(see
below). Note that particularly in the symmetriccaseleadingnaturally to a real spectrum,
applyingtheLanczosprocessto

\

with its simultaneousconvergenceto theeigenvaluesof
thesmallestandlargestmagnitude[17, Section9.1],noeigenvaluecomputationusing

\

'*)

is
necessary. In any case,astheaccuratecomputationof Ç , È usuallyrequiresonly few Arnoldi
or Lanczossteps,theparametercalculationwill usuallybe signi�cantly moreef�cient than
Penzl'sheuristicwhich requiresmany Ritz valuesof

\

and

\

'4)

.
Complex spectra. For complex spectra,we introducean additionalshifting stepto be

ableto applytheArnoldi processmoreef�ciently . Sincewearedealingwith stablesystems2,
we computethe largestandsmallestmagnitudeeigenvaluesandusethearithmeticmeanof
their realpartsasa horizontalshift suchthatthespectrumis centeredabouttheorigin. Now

2NotethattheNewton-ADI-iterationassumesthatweknow astabilizinginitial feedback,or thesystemis stable
itself.
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Arnoldi'smethodis appliedto theshiftedspectrumto computeanumberof largestmagnitude
eigenvalues.Thesewill now automaticallyincludethesmallestmagnitudeeigenvaluesof the
original systemafter shifting back.So we can avoid extensive applicationof the Arnoldi
methodto the inverseof

\

. We only needit to get a roughapproximationof the smallest
magnitudeeigenvalueto determine�

Ç and
�

È for theshiftingstep.
The numberof eigenvalueswe computecanbe seenasa tuning parameterhere.The

moreeigenvalueswe compute,thebettertheapproximationof theshapeof thespectrumis
andthecloserwe get to theexact Ç , È , and É , but obviously thecomputationbecomesmore
andmoreexpensive.Especially, thedimensionof theKrylov subspacesis increasingwith the
numberof parametersrequestedandwith it thememoryconsumptionin theArnoldi process.
But in caseswherethespectrumis �lling a rectangleor anegg-likeshape,a few eigenvalues
aresuf�cient here;compareSection4.1.

A drawbackof thismethodcanbethatin caseof small(comparedto therealparts)imag-
inary partsof the eigenvalues,onemay needa large numberof eigenvalueapproximations
to �nd theoneswith large imaginaryparts,which arecrucial to determineÉ accurately. On
theotherhand,in thatcasethespectrumis almostreal,andthereforeit will besuf�cient to
computetheparametersfor theapproximaterealspectrumin mostapplications.

Computationof the elliptic integrals. The new as well as the Wachspressparameter
algorithmsrequirethecomputationof certainelliptic integralspresentedin (2.4). Theseare
equivalentto theintegral
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In thecaseof realspectra,º
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is a completeelliptic integralof theform
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Ç

5

È
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is thearithmeticgeometricmeanof Ç and È . The
proof for the quadraticconvergenceof the arithmeticgeometricmeanprocessis given in
many textbooks;see,e.g.,[34].

For incompleteelliptic integrals,i.e., thecaseº Û
í

õ

½

, anadditionalLanden's transfor-
mationhasto beperformed.Here,�rst thearithmeticgeometricmeanis computedasabove,
thena descendingLanden's transformationis applied(see[1, Chapter17]), which comesin
at thecostof a numberof scalartangentcomputationsequalto thenumberof iterationsteps
takenin thearithmeticgeometricmeanprocessabove.

The valueof theelliptic function
÷

¢ from equation(2.6) is alsocomputedby an arith-
meticgeometricmeanprocess;see[1, Chapter16].

To summarizetheadvantagesof theproposedmethod,wecansaythefollowing.
(i) We computereal shift parameterseven in many casesof complex spectra,where

theheuristicmethodwouldcomputecomplex ones.Thisresultsin asigni�cantly cheaperADI
iterationconsideringmemoryconsumptionandcomputationaleffort, sincecomplex compu-
tationsareavoided.

(ii) We have to computelessRitz valuescomparedto theheuristicmethod,reducing
the time spentin the computationaloverheadfor the accelerationof the ADI method.In
particular, the numberof applicationsof

\

'*)

in the eigenvaluecomputationsis drastically
reducedor evenavoidedcompletely.

(iii) We computea goodapproximationof theWachspressparametersat a drastically
reducedcomputationalcostcomparedto their exactcomputation.
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4. Numerical results. For thenumericaltests,weusedtheLyaPack3 softwarepackage
[28]. A testprogramsimilar to demo r1 from theLyaPack examplesis usedfor thecompu-
tation,wheretheADI parameterselectionis switchedbetweenthemethodsdescribedin the
previoussections.We arehereconcentratingon thecasewheretheADI shift parameterscan
bechosenreal.

4.1. FDM semidiscretizeddiffusion-convection-reactionequation. Here,weconsid-
er the�nite differencesemidiscretizedpartialdifferentialequation

Æ

ê

Æ

�

!+*

ê

!

ì

½Ä�

�

î

�-,

ê

�R¼�.¬�

ê

�0/•�21Ž�3�•���d�+5

(4.1)

where
ê

is a functionof time
�

, verticalposition
1

) andhorizontalposition
1

e on thesquare
with oppositecorners

���•5i�¬�

and
�ð¼¬5n¼×�

. The exampleis taken from the SLICOT collection
of benchmarkexamplesfor modelreductionof lineartime-invariantdynamicalsystems;see
[11, Section2.7] for details.It is givenin semidiscretizedstatespacemodelrepresentation:,

4

�R�

4

��$65“587z�Ý�

4

S

(4.2)

Thematrices
�

,
$

,
�

for this systemcanbefoundon theSLICOT website4.
Figures4.1(a) and4.1(b) show the spectrumandsparsitypatternof the systemmatrix

�

. The iterationhistory, i.e., the numbersof ADI stepsin eachstepof Newton's method,
is plottedin Figure4.1(c). There,we canseethat in fact the semioptimalparameterswork
exactly like the optimal onesby the Wachspressapproach.This is what we would expect
sincethe rectangularspectrumis an optimalcasefor our idea,becausetheparametersÇ , È ,
and É areexactly (up to theaccuracy of Arnoldi's method)computedhere.Noteespecially
that for theheuristicparametersevenmoreouterNewton iterationsthanfor our parameters
arerequired.

4.2. FDM semidiscretized heat equation. In this example,we testedthe parameters
for the�nite differencesemidiscretizedheatequationon theunit square

�D�o5n¼J�:93�D�o5T¼×�

:

Æ

ê

Æ
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ê

�0/•��1Ž�<� �2�d�

S

(4.3)

Thedatais generatedby theroutinesfdm 2d matrix andfdm 2d vector from theex-
amplesof the LyaPack package.Detailson the generationof testproblemscanbe found
in thedocumentationof theseroutines(commentsandMATLAB help).Sincethedifferential
operatoris symmetrichere,thematrix = is symmetricandits spectrumis real in this case.
Hence,É

�•�

, andfor theWachspressparametersonly the largestandsmallestmagnitude
eigenvalueshave to be found to determineÇ and È . That meanswe only needto compute
two Ritz valuesby the Arnoldi process(which hereis in fact a Lanczosprocessbecause
of symmetry)comparedto about30 (which seemsto be an adequatenumberof shifts) for
the heuristicapproach.We useda testexamplewith 400 unknownshereto still be ableto
computethecompletespectrumusingeig for comparison.

In Figure4.2, weplottedthesparsitypatternof = andtheiterationhistoryfor thesolution
of the correspondingARE. We can see(Figure 4.2(b)) that iteration numbersonly differ
very slightly. Hence,we canchoosequite independentlywhich parametersto use.Sincethe
Wachspressapproachneedsa goodapproximationof the smallestmagnitudeeigenvalue,it
might be a goodidea to choosethe heuristicparametershere(even thoughthey aremuch
moreexpensiveto compute)if thesmallestmagnitudeeigenvalueis known to becloseto the
origin (e.g.,in caseof �nite elementdiscretizationswith �ne meshes).

3http://www.netlib.org/lyapack/ or http://www.tu-chemnitz.de/sfb393/lyapack/.
4http://www.slicot.org/index.php?site=benchmodred.

http://www.netlib.org/lyapack/
http://www.tu-chemnitz.de/sfb393/lyapack/
http://www.slicot.org/index.php?site=benchmodred
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FIG. 4.1. (a) Sparsity patternof theFDM semidiscretizedoperator for equation(4.1) and(b) its spectrum.(c)
Iteration historyfor theNewtonADI methodappliedto (4.1).

4.3. FEM semidiscretizedconvection-diffusion equation. The lastexampleis a sys-
temappearingin theoptimalheating/coolingof a �uid �o w in a tube.An applicationis the
temperatureregulationof certainreagentin�o ws in chemicalreactors.Themodelequations
are
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Here, ³ is therectangulardomainshown in Figure4.3(a). Thein�o w ? in is at theleft partof
theboundaryandtheout�ow ? out theright one.Thecontrolis appliedvia theupperandlower
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FIG. 4.2. (a) Sparsitypatternof theFDM semidiscretizedoperator for equation(4.3), and(b) iterationhistory
for theNewton-ADImethod.
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FIG. 4.3. (a) A 2dcross-sectionof theliquid �ow in a roundtube. (b) Eigenvalueandshift parameterdistributions.

boundaries.We canrestrictourselvesto this 2d domainassumingrotationalsymmetry, i.e.,
nonturbulentdiffusion-dominated�o ws.ThetestmatriceshavebeencreatedusingtheCOM-
SOL Multiphysicssoftwareand

>6�µ�

S

�)D

, resultingin theeigenvalueandshift distributions
shown in Figure4.3(b).

Sincea �nite elementdiscretizationin spacehasbeenappliedhere,the semidiscrete
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FIG. 4.4. (a) Sparsity patternof E and F in (4.5), (b) sparsity patternof E and F in (4.5) after reordering
for bandwidthreduction,(c) sparsitypatternof theCholesky factorof reordered F , and(d) iteration historyfor the
Newton-ADImethod.

modelis of theform
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This is transformedinto a standardsystem(4.2) using the sparseCholesky decomposition
l �YlHG‰l

�

G (Notethat
l

is symmetricpositive de�nite.). SparsereverseCuthill-McKee
orderingis usedto reducethe�ll in in theCholesky factors;seeFigure4.4(a)-(c) for sparsity
patternsandnonzerocounts.Thende�ning �

4

=

�Yl

�

G

4 ,
�

=

�.l2'*)

G

�
��l2';�

G ,
$

=

�.l2'*)

G

�
$

,
and

�

=

�
�

�wl
';�

G (without computingany of theinversesexplicitly in thecode),we endup
with a standardsystemfor �

4 having thesameinputs
5

as(4.5).
Figure4.4(d) showstheiterationhistoryfor theNewton-ADI methodwith thesuggested
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parameterchoices.Notethattheheuristicparametersdonotappearin theresultsbargraphics
there.This is dueto thefactthat theLyaPack softwarecrashedwhile applyingthecomplex
shift computedby the heuristics.Numericaltestsonly using the real onesof the heuristic
parametersleadto verypoorconvergencein theinnerloop,which is generallystoppedby the
maximumiterationnumberstoppingcriterion.Thus,noconvergenceof theNewton iteration
is obtained.

5. Conclusions. In this paper, we have reviewedexisting methodsfor determiningsets
of ADI parameters,andbasedon this review we suggesta new procedurewhich combines
the bestfeaturesof two of those.For the real case,the parameterscomputedby the new
methodare optimal and in many complex casestheir performanceis quite satisfactory as
onecanseein thenumericalexamples.Thecomputationalcostdependsonly on thatof the
Arnoldi processfor the matrix involved andon the computationof elliptic integrals.Since
the latter is a quadraticallyconverging scalariteration,the Arnoldi processis thedominant
computationhere,whichmakesthismethodsuitablefor thelarge-scalesystemsarisingfrom
�nite elementdiscretizationof PDEs.Themainadvantagesof thenew methodarethat it is
cheaperto computethan the existing onesandthat it avoids complex computationsin the
ADI iterationfor many caseswheretheotherswould resultin complex ADI iterations.
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